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Abstract
Recently, Rybnikov and Erdahl [R. Erdahl, K. Rybnikov, Supertopes, Supertopes.pdf at http://
faculty.uml.edu/krybnikov/, 2002] constructed an infinite series of asymmetric extreme lattice
Delaunay polytopes PER(n) for dimensions n ≥ 6. Dutour [M. Dutour, An infinite series of extreme
Delaunay polytopes, European J. Combin. (2003) (in press)] constructed another infinite series of
asymmetric extreme Delaunay polytopes PDu(n) for all even dimensions n ≥ 6. An analysis of the
first series allows one to construct two two-parametric series P(n; t) and PA(n; t) of asymmetric
extreme Delaunay polytopes such that P(n; 1) = PER(n). In addition, for each asymmetric extreme
Delaunay polytope P of dimension n, an explicit construction of a symmetric extreme Delaunay
polytope of dimension n + 1 having P as a section is given.
© 2005 Elsevier Ltd. All rights reserved.
1. Introduction
All Delaunay polytopes in this paper are lattice Delaunay polytopes (for details, some
notions and definitions see [3]). A Delaunay polytope is extreme if its rank is 1. In [3]
(see Definition 15.1.1) the rank rk P of a Delaunay polytope P with the set of vertices
V (P) is defined as the rank rk(V (P), dP ) of the related hypermetric space (V (P), dP ),
where dP(u, v) = (u − v)2, u, v ∈ V (P). Note that rk(V (P), dP ) = rk(V , dP ), where
V ⊆ V (P) is a generating subset. (A subset V ⊆ V (P) is called generating if every
vertex of P has a representation as an integer combination of vertices from V . If there is
a generating subset which is an affine basis, then P is called basic. All extreme Delaunay
E-mail address: grishuhn@cemi.rssi.ru.
0195-6698/$ - see front matter © 2005 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ejc.2005.02.002
482 V.P. Grishukhin / European Journal of Combinatorics 27 (2006) 481–495
polytopes in this paper are basic.) The rank of a hypermetric space (V , d) is defined as the
dimension of the smallest face F(V , d) of the hypermetric cone HYP(V ) which contains d .
In Section 2, I give a more convenient technique for computing the rank of a Delaunay
polytope P using the representation of vertices of P in an arbitrary basis not necessarily in
a basis of the lattice L having P as a Delaunay polytope (details can be found in [8]).
Every extreme Delaunay polytope P is related to extreme rays of the hypermetric cone
HYP(V ) for all generating subsets V ⊆ V (P). In addition, any quadratic semidefinite
positive form of a lattice having an extreme Delaunay polytope lies on an extreme ray of
a primitive L-type domain. In other words, this form belongs to a one-dimensional L-type
domain.
Going from an extreme asymmetric Delaunay polytope P of dimension n, I construct
explicitly, in Section 3, an extreme symmetric Delaunay polytope of dimension n + 1
having P as a section.
Up to 2002 there were known only sporadic examples of extreme Delaunay polytopes.
All are described, for example, in the book [3]. In 2002, Rybnikov and Erdahl [1]
constructed a series of polytopes PER(n) of dimension n ≥ 6, which are (in their terms)
perfect with respect to some quadratic positive definite form. The first mention of this
series can be found in [9]. But they did not prove that, for n > 11, PER(n) is a Delaunay
polytope. This gap is filled in this paper.
Note that PER(6) is the famous Schläfli polytope. The 6-dimensional Schläfli polytope
has two partitions into 5-dimensional layers, which consist of Delaunay polytopes of root
lattices, one of A5 and another of D5. It tuns out that the Erdahl–Rybnikov series PER(n)
generalizes the first partition into A5-layers. The partition of the Schläfli polytope into
D5-layers is generalized by the series PDu(n), n ≥ 6, constructed by Dutour [5].
In Section 5, I show that the Erdahl–Rybnikov series PER(n) is a special case t = 1 of a
two-parametric series of extreme Delaunay polytopes P(n; t). An analysis of the last series
allows one to construct (in Section 6) another infinite series PA(n; t) of extreme Delaunay
polytopes.
Using the results of Section 3, for each of the polytopes P = PDu(n), or P = P(n; 1) =
PER(n), or P = P(n; t) for n = 4 + 2t , I construct explicitly a symmetric extreme
Delaunay polytope of dimension n + 1 having P as a section.
2. How to compute the rank of a Delaunay polytope
In this section, I describe a simple and convenient method of computing the rank of a
Delaunay polytope. Details can be found in [8].
A Delaunay polytope P in a lattice L is uniquely determined by the set of its vertices
V (P). These are the points of L lying on an empty sphere. A sphere S = S(c, r) of radius
r and center c is said to be an empty sphere in an n-dimensional lattice L if the following
two conditions hold:
• (a − c)2 ≥ r2 for all a ∈ L,
• the set S ∩ L contains n + 1 affinely independent points.
I set a vertex v0 ∈ V (P) as origin, and
a(v) = v − v0 for all v ∈ V (P).
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For a basis E = {ei : 1 ≤ i ≤ n} of the lattice L having P as a Delaunay polytope, set
Z(E, P) =
{
z ∈ Zn :
n∑
i=1
zi ei = a(v) for some v ∈ V (P)
}
.
Recall that the lattice vector a(v) of each vertex v ∈ V (P) of a Delaunay polytope
P satisfies the equation (a(v) − c)2 = r2. Since v0 ∈ V , a(v0) = 0. Then the equality
(0 − c)2 = r2 gives r2 = c2. The set of vertices of P provides the following system of
equations (a(v) − c)2 = c2, v ∈ V (P), i.e.,
2ct a(v) = a(v)2, v ∈ V (P). (1)
Since a(v) = ∑ni=1 zi ei , where z ∈ Z(E, P), the above equations take the form
2
n∑
i=1
zi (c
t ei ) =
(
n∑
i=1
zi ei
)2
, z ∈ Z(E, P). (2)
If P is basic and ei = a(vi ), then the vertices vi give 2ct ei = e2i , and the above equations
take the form
n∑
i=1
zi e
2
i =
(
n∑
i=1
zi ei
)2
.
We can consider the equations (2) using an arbitrary basis of the lattice L. In this case,
the basic vectors ei , in general, do not satisfy the equation 2ctei = e2i . This implies that
the equations (2) are true also for non-basic polytopes.
We have the following n(n+1)2 + n = n(n+3)2 parameters (or unknowns) in the equations(2):
eti e j = ai j , 1 ≤ i ≤ j ≤ n, and ct ei , 1 ≤ i ≤ n,
Hence, all these parameters can be represented through a number of independent
parameters. This number is exactly the rank of P . Recall that a Delaunay polytope is called
extreme if rk P = 1. Hence, in order to be extreme, a Delaunay polytope should have at
least n(n+3)2 vertices.
Note that equations (2) allow one to represent explicitly the parameters ct ei through the
parameters eti e j as follows. Choose n linearly independent vectors a(vk) =
∑n
i=1 zki ei , 1 ≤
k ≤ n. Then the n ×n matrix (zki ) is non-singular. The n equations (2) for z = zk, 1 ≤ k ≤
n, make the above assertion obvious. So, in order to find the rank of a Delaunay polytope, it
is sufficient to find all dependencies between the parameters eti e j . In particular, this implies
that rk P ≤ n(n+1)2 .
For what follows we need Lemma 15.3.7 of [3]. I reformulate it here in a more correct
form. Recall that each Delaunay polytope is either centrally symmetric or asymmetric.
Let c be the center of a Delaunay polytope P , i.e., the center of the empty sphere S(c, r)
circumscribing P , and let v ∈ V (P). Then the point v∗ = 2c − v is centrally symmetric
to the vertex v. If P is centrally symmetric, then v∗ ∈ V (P) for all v ∈ V (P). If P is
asymmetric, then v∗ ∈ V (P) for all v ∈ V (P).
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Lemma 1. Let P be an n-dimensional basic centrally symmetric Delaunay polytope of
a lattice L with the following properties. The origin 0 ∈ V (P) and the vectors ei ,
1 ≤ i ≤ n, are basic vectors of L, the endpoints of which are vertices of P. The intersection
P1 = P ∩ H of the hyperplane H generated by the vectors ei , 1 ≤ i ≤ n − 1 with P is an
asymmetric Delaunay polytope of the lattice L1 = L ∩ H . If the endpoint vn of the basic
vector en is v∗ for some v ∈ V (P1), then there is a vertex u ∈ V (P) such that u = v, v∗
for all v ∈ V (P1). The above conditions imply rk P ≤ rk P1.
Corollary 1. Let P be a basic centrally symmetric Delaunay polytope satisfying the
conditions of Lemma 1. P is extreme if P1 is extreme.
3. A symmetric polytope generated by an asymmetric one
A point v∗ is called symmetric to a point v with respect to a point c if v∗ = 2c − v. In
any lattice L if 2c is a lattice point, i.e., 2c ∈ L, then v∗ ∈ L for all v ∈ L.
Each n-dimensional lattice provides a Delaunay partition of n-space into its Delaunay
polytopes. Lemma 2 below shows that each Delaunay polytope P in the Delaunay partition
is contiguous by each centrally symmetric face F to a Delaunay polytope P∗ which is
symmetric to P with respect to the center of F .
Lemma 2. Let P be a Delaunay polytope, and F be a centrally symmetric face of P. The
face F is the common face of P and of the Delaunay polytope P∗ which is symmetric to P
with respect to the center cF of the face F.
Proof. Each vertex of P∗ is a point v∗ = 2cF −v, where v is a vertex of P . Recall that 2cF
is a lattice point, since 2cF = u + u∗ for every vertex u of the face F . Hence all vertices of
P∗ are lattice points. P∗ is circumscribed by the empty sphere S∗, which is symmetric with
respect to cF to the empty sphere S circumscribing P . Hence P∗ is a Delaunay polytope.
Obviously, F∗ = F is the common face of P and P∗. 
Let P be a fixed n-dimensional asymmetric Delaunay polytope, and F be a centrally
symmetric face of it. Let S be the sphere circumscribing P , and let c be its center. Let
Pc be the polytope, which is symmetric to P with respect to c. Let Fc be the face of Pc
symmetric to F with respect to c. Since F is centrally symmetric, Fc is a parallel shift of
F . If cF is the center of F , then 2c − cF = cFc is the center of Fc. Hence the vector
aS = cF − cFc = 2(cF − c)
is the shift vector such that Fc + aS = F . The shift of the space by the shift vector
aS combines the polytope Pc with the Delaunay polytope P∗ which is (by Lemma 2)
symmetric to P with respect to cF . After this shift Fc coincides with F .
Now, we construct an (n+1)-dimensional centrally symmetric Delaunay polytope Ps as
follows. The lattice Ls of Ps is composed by the layers Lk , k ∈ Z. Each layer is isomorphic
to the lattice L P of P . Let L0 = L P . Then Lk = L0 + ka0, where a0 ∈ Ls is a lattice
vector. We set a0 = aS + e, where aS lies in the hyperplane H 0 spanning L P = L0. The
vector aS = 2(cF − c) is the above shift vector, and e is a vector which is orthogonal to
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H 0. So, we have a set of (n + 1)-dimensional lattices Ls(e), parametrized by the vector e.
We have to choose a length of e.
Consider the layers L0 and L−1 = (L0−aS)−e. The Delaunay polytope P of L0 = L P
has the center c. This shows that the point c − e is the center of a Delaunay polytope P1 of
L−1 which is symmetric to P with respect to c− 12 e. In fact, the layer L−1 is obtained from
L0 as follows. We shift L0 by the vector −e into the hyperplane spanning L−1. After that
we shift the layer L0 (shifted by −e) onto the vector −aS . The last shift moves the center
of the polytope P∗ adjacent to P by the face F into the point c − e. Let v∗ = 2cF − v be
a vertex of P∗, where v is a vertex of P . Then the corresponding vertex v1 of P1 is
v1 = v∗ − e − aS = v∗ − e − 2cF + 2c
= (v∗ − 2cF ) + 2
(
c − 1
2
e
)
= 2
(
c − 1
2
e
)
− v.
Hence P1 is symmetric to P with respect to the point cs = c − 12 e. The center of P1 is
c1 = 2(c − 12 e) − c = c − e. The n-dimensional sphere Ss circumscribing P and P1 has
the center cs . The square radius of Ss is equal to r2s = c2 + 14 e2.
At first, we take the length of e sufficiently large such that the sphere Ss intersects the
layers L0 and L−1 only. This is so if r2s < ( 32 e)
2
, i.e., e2 > 12 c
2
. In this case the polytope Ps
consists only of two layers P and P1. Hence it is a centrally symmetric Delaunay polytope
of Ls .
Our aim is to construct a centrally symmetric extreme Delaunay polytope having the
extreme asymmetric Delaunay polytope P as a section. In the case when Ps consists only
of two layers containing P and P1, Lemma 2 cannot be applied. In fact, in this case Ps
is not extreme even if P is extreme. Hence we begin to decrease the length of the vector
e until the sphere Ss touches a point of the layer L1 = L0 + a0 = L0 + e + aS . Let
S1s = Ss ∩ H 1, where H 1 span L1. The center of S1s is the point c + e. The square radius
of S1s is r21 = (c2 + 14 e2) − ( 32 e)2 = c2 − 2e2.
We project the layer L1 onto the hyperplane H 0 along the vector e. Then the projected
layer is L0 + aS , i.e., the layer L0 shifted by the vector aS . Let u1 ∈ H 0 be a point of the
shifted layer L0 + aS which is nearest to the center c of the non-shifted sphere S, and let
r2 = (u1 − c)2. Then the point u1 + e is the point of the layer L1 nearest to the center c + e
of the sphere S1s . We choose e such that the point u1 + e lies on the sphere S1s . In this case
r2 = r21 , i.e., r2 = c2 − 2e2 and e2 = 12 (c2 − r2), where r2 = (u1 − c)2.
Obviously, u1 = u0 + aS , where u0 ∈ L0 = L P . Hence the point u0 is the point of the
layer L0 nearest to the shifted center cS = c − aS , and if r2 < c2, then
e2 = 1
2
(c2 − r2), where r2 = (u0 − cS)2. (3)
So, in order to construct a centrally symmetric extreme Delaunay polytope, we have
to find a point u0 of the lattice L P = L0 which is a nearest point to the shifted center
cS = c − aS and such that (u0 − c + aS)2 < c2. If there is no such point, we can consider
either the next layer L2, or another centrally symmetric face of P . In the case of the layer
L2, we seek a point u2 ∈ L0 such that (u2 − c + 2aS)2 < c2. In general, the case is not
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excluded when there is no suitable point, and we cannot construct a symmetric Delaunay
polytope.
It may be that such a point u0 is not unique, and these points belong to several layers Li .
In this case the section of Ps by all such H i is a Delaunay polytope of non-zero dimension
q ≤ n − 1. The sections of Ps by the hyperplanes H −(i+1) is centrally symmetric to the
sections Ps ∩ H i .
If there is a point u0, we can apply Lemma 2 to the polytope Ps . This shows that Ps is
an extreme centrally symmetric Delaunay polytope if P is extreme.
4. An infinite series of extreme Delaunay polytopes by Dutour
Among all 6-dimensional lattices, only the root lattice E6 has an extreme Delaunay
polytope, namely the Schläfli polytope PSchl. The Delaunay polytope PSchl has two
partitions into A5-layers and D5-layers (see [3, p. 186]). Using the partition of PSchl into
D5-layers, Dutour constructed in [5] an infinite series of extreme asymmetric Delaunay
polytopes of even dimensions. We consider it below.
The intersection of PSchl with D5-layers has the following three Delaunay polytopes: a
point, the half-cube hγ5 and the cross-polytope β5. Dutour [5] considers an n-dimensional
polytope PDu(n) consisting of the similar three layers: a point v0, the half-cube hγn−1 and
the cross-polytope βn−1.
Let N = {1, 2, . . . , n−1}. For n ≥ 6 and real α > 0, let L Du(α, n) be an n-dimensional
lattice of points
∑n
i=1 xi ei such that xi ∈ Z, 1 ≤ i ≤ n, and
∑n
i=1 xi ≡ 0 (mod 2), where
the vectors ei , 1 ≤ i ≤ n satisfies the following conditions
e2i = 2α,
eti en = α, 1 ≤ i ≤ n − 1,
e2n = (n − 2)α,
eti e j = 0, 1 ≤ i < j ≤ n − 1.
(4)
Note that, up to the multiplier
√
α, the (n − 1)-dimensional sublattice L0Du of L Du =
L Du(α, n) generated by ei , i ∈ N , is the root lattice Dn−1. The lattice L Du is naturally
partitioned into layers LkDu = L0Du + ken , k ∈ Z, each isomorphic to Dn−1.
For T ⊆ N , let e(T ) = ∑i∈T ei . Call a set T ⊆ N even if T has an even cardinality|T |. Let PDu(n) be the convex hull of the following points of the lattice L Du .
v0 = en,
e(T ), T ⊆ N, T is even,
a±i = e(N) ± ei − en, i ∈ N.
(5)
It is easy to see that the point v0 lies in the layer L1Du . The projection of the point v0 on the
layer L0Du is the point c0 = 12 e(N). The points of the second line of the list (5) are vertices
of the half-cube hγn−1 lying in the layer L0Du . The points of the third line of (5) are vertices
of the cross polytope βn−1. They are points of L Du(α, n) only if n is even. Note that
a+i = bi +2ei − en and a−i = bi − en , where the point bi = 2c0 − ei = e(N)− ei = e(Ti ),
with Ti = N − {i}, is a vertex of hγn−1 if n is even.
V.P. Grishukhin / European Journal of Combinatorics 27 (2006) 481–495 487
Since the projection of the vector en on the hyperplane H 0 spanning hγn−1 is c0, it is
convenient to represent en as the sum en = c0 + e0, where the vector e0 is orthogonal to
H 0. In particular, e0 is orthogonal to the vector c0, i.e., et0c0 = 0.
Lemma 3. The point
c = c0 − 1
n − 3e0 =
n − 2
2(n − 3)e(N) −
1
n − 3 en
has the same square distance c2 = r2 from all the points of the list (5).
Proof. We have to verify that the point c is the center of the sphere containing all
vertices of (5). Then c should satisfy Eq. (1) for all v of the list (5). This can be easily
verified. 
Let S be the sphere with center c of square radius r2 = c2.
I do not give a proof of extremality of PDu(n) for even n, since this proof was given by
Dutour himself in [5].
A centrally symmetric Delaunay polytope with PDu as a section. Now, using results
of Section 3, we construct a centrally symmetric Delaunay polytope Ps(n+1) with PDu(n)
as its section. The cross-polytope βn−1 is a maximal centrally symmetric face F of PDu(n).
It is a facet of PDu(n). The facet F generates a partition of L Du into the above considered
layers LkDu , k ∈ Z. The layer L2Du is symmetric to the layer L0Du with respect to the point
v0 = c0 +e0. Hence, the layer L2Du contains a Delaunay polytope (hγn−1)∗ with the center
2v0 − c0 = c0 + 2e0.
The center of F is cF = c0−e0. Hence, the shift vector is aS = 2(cF −c) = − 2(n−4)n−3 e0.
The shift of the center c is the point cS = c −aS = c0 +2e0 − 3n−3 e0. So the shifted center
cS lies between the layers L2Du and L1Du . In other words, cS lies between the center c0+2e0
of (hγn−1)∗ and the point v0 = c0 + e0. Note that for n = 6, cS = c0 + e0 coincides with
v0.
It is easy to verify that the point v0 is the point nearest to the shifted center cS . Easy
computations show that the square distance between layers L Du(n) of the lattice Ls is
e2 = 2(n − 4)
n − 3 α.
Recall that the center of Ps(n + 1) is cs = c − 12 e, and c = c0 − 1n−3 e0. So,
besides the two sections PDu and P∗Du , the polytope Ps has the following two points:
v0 + aS + e = u0 + e = c0 − n−5n−3 e0 + e and (v0 + aS + e)∗ = 2cs − (v0 + aS + e) =
2c − 2e − v0 − aS = 2c0 − 2n−3 e0 − 2e − c0 + n−5n−3 e0 = c0 + n−7n−3 e0 − 2e.
In the orthogonal (n + 1)-dimensional basis {ei : 0 ≤ i ≤ n − 1; e} (which is not a
lattice basis) the above two points have the coordinates u0 + e = [− n−5n−3 , ( 12 )n−1; 1] and
(u0 + e)∗ = [ n−7n−3 , ( 12 )n−1; −2].
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5. A two-parametric infinite series of extreme Delaunay polytopes
Recently Erdahl and Rybnikov gave in [1] an n-dimensional polytope PER(n), n ≥ 6,
determining uniquely (up to a multiplier and a unimodular transformation) the equation
xt Qx + lt x = 0. The quadratic part xt Qx of this equation is the metric form of a lattice
L. Let {ei : 1 ≤ i ≤ n} be the basis of L related to the quadratic form
f (x) = xt Qx =
n∑
i, j=1
qi j xi x j =
(
n∑
i=1
xiei
)2
.
According to [1], the parameters of the form f (x) are as follows.
e2i = qii = n2 − 5n + 2, 1 ≤ i ≤ n − 1;
e2n = qnn = n2 − 3n − 2;
eti e j = qi j = n2 − 7n + 12, 1 ≤ i < j ≤ n − 1;
eti en = qin = n2 − 5n + 4, 1 ≤ i ≤ n − 1;
li = −qii = −(n2 − 5n + 2), 1 ≤ i ≤ n − 1;
ln = −(qnn − 4) = −(n2 − 3n − 6).
(6)
Note that for n = 5 all vectors ei , 1 ≤ i ≤ n − 1, are collinear.
The lattice of the Delaunay polytope PER(n) consists of layers each of which is a
lattice of L-type of the root lattice An−1. The intersections of PER(n) with these layers
are polytopes Pt , t = 0, 1, where Pt is the convex hull of the vectors ∑i∈T bi for all T of
cardinality |T | = t, t + 1.
It turns out that one can construct an extreme Delaunay polytope using the Delaunay
polytope Pt , 1 ≤ t < n−32 , instead of P1. Denote this Delaunay polytope by P(n; t).
Let N = {1, 2, . . . , n − 1}. For real β > 0, let L(β, n) be the n-dimensional lattice of
points
∑n
i=1 xibi , where xi are either integer for all i , or half-integer for all i . The vectors
bi , i ∈ {0} ∪ N , of this basis satisfy the following conditions:
b20 = 2t (n − 3 − 2t)β;
bt0bi = 0, i ∈ N;
bti b j = β, 1 ≤ i < j ≤ n − 1;
b2k = (n − 2 − 2t)β, k ∈ N.
(7)
As usual, for T ⊆ N , we set b(T ) = ∑i∈T bi . Let en = 12 (b0 + b(N)). Then the vectors
bi , i ∈ N , and en form a basis L(β, n), i.e.,
L(β, n) =
{
a(x) =
n−1∑
i=1
xi bi + xnen : xi ∈ Z, i ∈ N ∪ {n}
}
.
Now, let ei = en − bi , i ∈ N . Using (7), one can verify that, for t = 1 and β = 2, the
vectors ei , i ∈ N ∪ {n}, satisfy the equalities (6).
The sublattice L0 of L(β, n) of points
∑
i∈N xi bi , xi ∈ Z for all i , has the L-type of the
root lattice An−1, since the inner product bti b j = β is independent of the indices i, j ∈ N
(see [2], Proposition 8). For n = 2t + 4, it is √βAn−1. The lattice L(β, n) is naturally
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partitioned into layers Lk = L0 + ken = L0 + k 12 (b0 + b(N)), k ∈ Z, each isomorphic to
a lattice of L-type of An−1. Since b0 is orthogonal to bi for all i ∈ N , the layer Lk lies in
the following hyperplane:
Hk =
{
x ∈ Rn : bt0x =
k
2
b20
}
, k ∈ Z.
Note that the Delaunay polytope Pt for t = 0 with the set of vertices
V (P0) = {0, bi : i ∈ N}
lies in the layer L0. Similarly, the Delaunay polytope P0 with the set of vertices
V (P0) + b0 = {b0, b0 + bi : i ∈ N}
lies in the layer L2.
We introduce the denotation bT = en −b(T ) = 12 (b0+b(N))−b(T ). For 1 ≤ t ≤ n−32 ,
consider the polytope −Pt , lying in the layer L1 and having the set of vertices
V (−Pt ) + 12 (b0 + b(N)) = {bT : T ⊆ N, |T | = t, t + 1}.
Let P(n; t) be the convex hull of the following set of points:
V (P0) ∪ (V (P0) + b0) ∪ (V (−Pt ) + 12 (b0 + b(N))).
So, the number of vertices of P(n; t) is
|V (P(n; t))| = 2 + 2(n − 1) +
(
n − 1
t
)
+
(
n − 1
t + 1
)
= 2n +
(
n
t + 1
)
.
By easy computations, using (1) for v ∈ V (P(n; t)), the following assertion can be
verified.
Lemma 4. All points, convex hull of which is the polytope P(n; t), lie on the sphere S with
the center
c = 1
2
b0 + n − 2 − 2t4(n − 2 − t)b(N)
and the square radius r2 = c2.
Lemma 5. The polytope P(n; t) is a Delaunay polytope.
Proof. It is easy to see that the center c of the sphere S of Lemma 4 lies in H1. Let rk be
the radius of the intersection S ∩ Hk . Since the center c of S lies in the layer L1, r1 is the
radius of S, rk < r0 = r2 < r1 for k > 2 and k < 0. Consider an infinite cylinder C of
radius r1 the axis of which is parallel to b0 and goes through c. The cylinder C contains
only those points of the layer Lk which are vertices of the Delaunay polytopes congruent
either to P0 (for k = 2m) or to −Pt (for k = 2m + 1). Since the radii of P0 and Pt are
r0 and r1, these Delaunay polytopes cannot lie in spheres of radii rk , k > 2 and k < 0,
which are less than r0. Hence S does not contain other points of L, and therefore P(n; t)
is a Delaunay polytope. 
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Theorem 1. For n ≥ 6 and 1 ≤ t < n−32 , the Delaunay polytope P(n; t) is extreme.
We use the equalities 2cta(v)v = a(v)2 for all v ∈ V (P(n; t)). The equalities
2ctb0 = b20, 2ct bi = b2i and 2ct (b0 + bi ) = (b0 + bi )2, i ∈ N
give the second line in (7). Let |T | = t . Then bT = bT+{k} + bk for every k ∈ N − T . The
equalities 2ctbT +{k} = b2T+{k}, 2ctbk = b2k and 2ct(bT +{k} + bk) = (bT +{k} + bk)2 give
btkbT+{k} = 0, i.e., btk( b0+b(N)2 − b(T ) − bk) = 0 for k ∈ N − T .
Since btkb0 = 0, we have
b2k =
1
2
btkb(N) − btkb(T ), k ∈ T . (8)
Let i ∈ T, j ∈ N −T . Then |(T −{i})∪{ j}| = t , and (8), for T changed by (T −{i})∪{ j},
takes the form
b2k =
1
2
btkb(N) − btkb(T ) + btkbi − btkb j .
Comparing this with (8), we obtain
btkbi = btkb j .
This equality is true for all i ∈ T, j, k ∈ N − T, j = k and all T ⊆ N, |T | = t . This
implies that the scalar product btkbi does not depend on the pair of indices ki , k = i . Hence
we obtain the third row of (7). Substituting this in (8), we obtain the last row of (7).
In order to find b20, we use the equality 2c
t bT = b2T , where |T | = t . On the one hand,
taking in attention the equalities 2ctb0 = b20 and 2ct bi = b2i , i ∈ N , we have
2ctbT = 2ct 12 (b0 + b(N − T ) − b(T )) =
1
2
(
b20 +
∑
i∈N−T
b2i −
∑
i∈T
b2i
)
.
On the other hand, we have
2ctbT = b2T =
1
4
(b0 + b(N − T ) − b(T ))2
= 1
4
[b20 + b2(N − T ) − 2b(N − T )b(T ) + b2(T )].
Since bti b j = β, we have
2ctbT = 14
[
b20 +
∑
i∈N
b2i + 2
(
n − 1 − t
2
)
β − 2(n − 1 − t)tβ + 2
(
t
2
)
β
]
= 1
4
[
b20 +
∑
i∈N
b2i + (n − 1 − t)(n − 2 − 3t)β + t (t − 1)β
]
.
Comparing the above two expressions for 2ctbT , and using the value b2i = (n − 2 − 2t)β,
we obtain the first equality in (7).
So, the vertices of P(n; t) determine uniquely (up to a multiplier) the parameters
bti b j , 0 ≤ i ≤ j ≤ n − 1, of the lattice of this Delaunay polytope. This implies that
P(n; t) is extreme.
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Since it should be b20 > 0, the following bounds on t should be fulfilled:
1 ≤ t < n − 3
2
.
In particular, this bound implies that P(n; t) is defined only for n > 5 and, for n = 6, only
one value t = 1 is possible. 
An extreme centrally symmetric Delaunay polytope from P(n; 1). Now, using the
results of Section 3, we construct a centrally symmetric Delaunay polytope Ps(n; 1). In
order to do this, we have to find a centrally symmetric face of P(n; 1).
For k ∈ N , consider the following vector:
hk = 1
(n − 5)β
[
1
2
b0 − bk + 12(n − 3)b(N)
]
.
This vector determines a partition of the lattice L(n; 1) of P(n; 1) into layers Lq (n; 1), q ∈
Z. The layer Lq (n; 1) consists of all points a = ∑n−1i=0 zi bi such that htka = q .
Note that htkb0 = 1, htkbi = 0, i ∈ N − {k}, and htkbk = −1. In particular,
htk(b0 + b(N)) = 0. Hence P(n; 1) intersect three layers Lq(n; 1) for q = −1, 0, 1,
such that P(n; 1) ∩ L1(n; 1) = F(k) is a centrally symmetric facet of P(n; 1), and
P(n; 1) ∩ L−1(n; 1) is the endpoint of the vector bk . The set of vertices Vk of F(k) is
as follows:
Vk =
{
b0, b{k} = 12 (b0 + b(N)) − bk, b{ik}
= 1
2
(b0 + b(N)) − bk − bi , b0 + bi , i ∈ N − {k}
}
.
Since b{k} + b0 = b{ik} + b0 + bi , the facet F(k) is a cross-polytope with the center
cF = 12 (b{k} + b0) = 12 ( 32 b0 + 12 b(N) − bk).
Recall that the center of P(n; 1) is c = 12 b0 + n−44(n−3)b(N). Hence the shift vector is
aS = 2(cF − c) = 12b0 +
1
2(n − 3)b(N) − bk = (n − 5)βhk .
We have to find points of the lattice L(n; 1) which are nearest to the shifted center cS of
P(n; t), where cS = c − aS = n−64(n−3)b(N) + bk . It can be shown that for n ≤ 11 there
is only one such point which is the endpoint of the vector bk . In this case u0 = bk and
r2 = (u0 − cS)2 = ( n−64(n−3)b(N))2. We see that r2 < c2 = 14 b20 + ( n−44(n−3)b(N))2. By (3),
e2 = 12 (c2 − r2). Since bt0bi = 0 for i ∈ N , we obtain e2 = 18 [b20 + n−5(n−3)2 (b(N))2]. Using
the values b20 = 2(n − 5)β, b2i = (n − 4)β, bti b j = β, we obtain e2 = (n−2)(n−5)2(n−3) β.
Centrally symmetric facets of P(4 + 2t; t).
Let n = 4 + 2t . For k ∈ N , consider the vector
gk = 12 + t [b(N − {k}) − (1 + t)bk] =
1
2 + t [b(N) − (2 + t)bk].
This vector partitions P(n; t) into three layers {v ∈ V (P(n; t)) : gtkv = qβ} for
q = 0, 1, 2. The vertices of the layer gtkv = 2β are bT for |T | = t and T  k.
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The vertices of the layer gtkv = 0 form a centrally symmetric facet G(k) of P(n; t). The
set of vertices V Gk of G(k) is as follows:
V Gk = {0, b0, bk, b0 + bk and bT for |T | = t + 1, T ⊆ N − {k}}.
Since n = 4 + 2t and |N | = n − 1, we have |N − {k}| = 2(1 + t) = 2|T |. Let
T ∗ = N − {k} − T . Then |T ∗| = t + 1 and T ∗ ⊆ N − {k}. Hence bT ∗ ∈ V Gk . We
have
bT = 12 (b0 + b(N − T ) − b(T )) =
1
2
(b0 + bk + b(T ∗) − b(T )).
Obviously, (T ∗)∗ = T . Hence bT +bT ∗ = b0+bk . So, the pairs of opposite vertices of G(k)
are {0, b0+bk}, {b0, bk}, {bT , bT ∗}. This implies that the center of G(k) is cF = 12 (b0+bk).
Recall that the center of P(n; t) for n = 4 + 2t is c = 12 (b0 + 12+t b(N)). Hence the
shift vector is
aS = 2(cF − c) = bk − 12 + t b(N) =
1
2 + t ((1 + t)bk − b(N − {k})) = −gk .
In order to obtain a centrally symmetric extreme Delaunay polytope, we have to find
points of the lattice L(4+2t; t) which are nearest to the shifted center cS = c−aS = c+gk
of P(n; t).
Note that gtkc = (1 − 12+t )β. Hence, the center c lies between the layers with q = 0 and
q = 1, and the shifted center cS = c + gk lies between the layers with q = 1 and q = 2.
This implies that the shifted center cS is an interior point of the sphere circumscribed
P(4 + 2t; t), and the nearest to cS points of L(4 + 2t; t) are the vertices of P(4 + 2t; t)
lying in the layer with q = 2. These are vertices bT for |T | = t and T  k. For the
square distance r2 = (bT − cS)2, we have r2 = ( t−12(2+t)b(N) − b(T − {k}))2. By (3),
e2 = 12 (c2 − r2). Computations give
e2 = 2
2 + t β.
Note that for t = 1, P(4 + 2t; t) = P(6; 1) is the Shläfli polytope, and the facet G(k)
is the cross-polytope β5.
6. A series of asymmetric extreme Delaunay polytopes from the P(n; t)-series
Now I construct an asymmetric Delaunay polytope PA(n + 1; t) of dimension n + 1
from the Delaunay polytope P(n; t). We use the basis {bi : 0 ≤ i ≤ n − 1} of the previous
section.
Note that the vector bn of the lattice L(β, n+1) satisfies the equality b2n = (n−1−2t)β,
bt0bn = 0, bti bn = β, i ∈ N . Now, we change the vector bn . Let L A(β, n + 1) be the lattice
generated by the basis {bi : 0 ≤ i ≤ n} similarly as the lattice L(β, n + 1) was generated.
The vectors bi , 0 ≤ i ≤ n − 1, satisfy the equalities (7), but the vector bn satisfies the
equalities
b2n =
n − 1 − 2t
2
β, btnb0 = 0, btnbi = β, 1 ≤ i ≤ n − 1. (9)
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The polytope PA(n + 1; t), besides the 2n +
(
n
t+1
)
vertices of P(n; t), has additionally
the following 2 + ( nt ) vertices:
bn, b0 + bn, bT ′∪{n} = 12 b0 +
1
2
b(N) − b(T ′) − bn, T ′ ⊂ N, |T ′| = t − 1, t .
Hence PA(n + 1; t) has 2(n + 1) +
(
n+1
t+1
)
vertices. This number equals to the number of
vertices of P(n + 1; t).
Recall that N = {1, 2, . . . , n − 1}. Hence the definitions of bT of PA(n + 1; t) and
P(n+1; t) are distinct, since bT = 12 (b0+b(N)+bn)−b(T ), T ⊆ N ∪{n} for P(n+1; t),
and bT = 12 (b0 + b(N)) − b(T ), T ⊆ N ∪ {n} for PA(n + 1; t).
Lemma 6. The polytope PA(n + 1; t) is a Delaunay polytope.
Proof. A proof is implied by the fact that the sublattice of L A(β, n + 1) generated by the
n basic vectors bi , 1 ≤ i ≤ n, has the L-type of the root lattice An , since bti b j does not
depend on the indices i j, 1 ≤ i < j ≤ n. We can use the proof used for P(n + 1, t). 
Theorem 2. The Delaunay polytope PA(n + 1; t) is extreme for n ≥ 6 and 1 ≤ t < n−32 .
Proof. Recall that PA(n + 1, t) has the extreme polytope P(n; t) as a section. Let c be the
center of PA(n + 1; t). The vector a = a(v) for each vertex v ∈ V (PA(n + 1; t)) satisfies
the equality 2cta = a2. In particular, this equality holds for every vertex v ∈ V (P(n; t))
(see previous section). The system of equations 2cta(v) = (a(v))2 for v ∈ V (P(n; t)) has
the unique solution given above in (7).
Consider the equations 2ct a(v) = (a(v))2 for v ∈ V (P(n; t)). First, we have
2ct bn = b2n, 2ct(b0 + bn) = (b0 + bn)2.
These equations and the equation 2ctb0 = b20 give btnb0 = 0, which is the second equality
in (9). Now, we use the equations
2ct bT = b2T , 2ct bT∪{i} = 2ct (bT − bi ) = (bT − bi )2, where n ∈ T, i ∈ T .
On the one hand, we have 2ct (bT −bi) = 2ctbT −2ctbi = b2T −b2i . On the other hand, we
have 2ct(bT − bi ) = (bT − bi)2 = b2T − 2bti bT + b2i . So, we have the equality bti bT = b2i ,
i.e., 12
∑n−1
j=1 bti b j −
∑
j∈T−{n} bti b j −bti bn = b2i . Recall that bti b j = β, 1 ≤ i < j ≤ n−1,
and b2i = (n − 2 − 2t)β, i ∈ N . Hence
bti bn =
1
2
(
n−1∑
j=1, j =i
bti b j − b2i
)
−
∑
j∈T−{n}
bti b j
= 1
2
((n − 2)β − (n − 2 − 2t)β) − (t − 1)β = β.
We obtain the third equality in (9).
Recall that 2ctbT = b2T , for T ⊂ N, |T | = t . Hence, for T ⊂ N (and therefore n ∈ T ),
we have
2ct bT∪{n} = 2ct(bT − bn) = (bT − bn)2.
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This equation is similar to the above equation for bT +{i}. Similarly, we have
b2n = btnbT = btn
(
1
2
b0 + 12 b(N − T ) −
1
2
b(T )
)
.
Since btnb0 = 0, btnbi = β, i ∈ N , we obtain b2n = n−1−2t2 β which is the first equality in(9).
The obvious inequality b20 > 0 implies t <
n−3
2 . Since t ≥ 1, we should have n > 5,
i.e., n ≥ 6. 
It is useful to rewrite the parameters of PA(n′ +1; t) = PA(n; t) in terms of n = n′ +1.
We have
b20 = 2t (n − 4 − 2t)β, b2i = (n − 3 − 2t)β, 1 ≤ i ≤ n − 2, b2n−1 =
n − 2 − 2t
2
β,
bt0bi = 0, 1 ≤ i ≤ n − 1, bti b j = β, 1 ≤ i < j ≤ n − 1.
So, PA(n; t) is defined for n ≥ 7 and 1 ≤ t < n−42 . Note that, for β = βA, PA(7; 1) is
isomorphic to P(7; 1) = PER(7) if βER = 12βA.
Remark 1. It is well known that there is no extreme Delaunay polytopes in dimensions
from 2 up to 6. There is one extreme Delaunay polytope in dimension 6, namely, the
Schläfli polytope P(6; 1) = PER(6) = PDu(6); see, for example, [4]. After long
computations, Dutour found only two 7-dimensional extreme Delaunay polytopes: the
centrally symmetric Gosset polytope Ps(7; 1) = Ps Du(7) and the asymmetric Delaunay
polytope P(7; 1) = PER(7) = PA(7; 1). It is very likely that the following conjecture is
true:
Conjecture. There are exactly two extreme Delaunay polytopes in dimension 7:
Ps(7; 1) = PsER(7) = Ps Du(7) and P(7; 1) = PER(7) = PA(7; 1).
Dutour found by computations 27 extreme Delaunay polytopes in dimension 8; see
[6]. The following five Delaunay polytopes of the list [6] belong to the series described
above: No1 = P(8; 1) = PER(8), No2 = Ps(8; 1), No5 = P(8; 2), No17 = PA(8; 1),
No22 = PDu(8).
Remark 2. One can find in arxiv.org a new paper by Erdahl et al. [7] on a three parametric
infinite series of extreme Delaunay polytopes. It would be interesting to prove their
extremality and to identify or to compare these polytopes with polytopes of the series
of this paper or of the list [6].
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